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Abstract. 

We construct, using the supersymplectic framework of Berezin, Kostant and others, two 
types of super symmetric extensions of the Schrodinger algebra (itself a conformal extension 
of the Galilei algebra). An 'I -type' extension exists in any space dimension, and for any 
pair of integers N + and iV_ . It yields an N = N + + N_ superalgebra, which generalizes 
the N = 1 supersymmetry Gauntlett et al. found for a free spin-^ particle, as well as the 
N = 2 supersymmetry of the fermionic oscillator found by Beckers et al. In two space 
dimensions, new, 'exotic' or 'I J -type' extensions arise for each pair of integers u + and 
V-, yielding an N = 2{y + + vJ) superalgebra of the type discovered recently by Leblanc 
et al. in non relativistic Chern-Simons theory. For the magnetic monopole the symmetry 
reduces to o(3) x osp(l/l), and for the magnetic vortex it reduces to o(2) x osp(l/2). 
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1. Introduction. 

Recent interest in non-relativistic supersymmetries stems from Chern-Simons theory: 
as found by Leblanc, Lozano and Min (LLM) [1], non-relativistic Chern-Simons theory in 
two dimensions admits aniV = 2 conformal supersymmetry, which extends the Schrodinger 
symmetry discovered previously by Jackiw et al. [2]. 

( 1 ) Departement de Physique, UFR de Luminy, Universite d'Aix-Marseille II and Centre 

de Physique Theorique CNRS, Case 907, F-13288 MARSEILLE Cedex 09 (France). 

( 2 ) Departement de Mathematiques, Universite de Tours, Pare de Grandmont, F-37200 

TOURS (France), 



2 



Christian DUVAL and Peter HORVATHY 



The story starts in the early seventies, when Niederer, and Hagen, [3] pointed out that 
the maximal kinematical invariance group of the free, spin-0, Schrodinger equation forms 
a 13-dimensional Lie group whose Lie algebra is now called the (extended) Schrodinger 
algebra sch(3). This latter contains, in addition to the (centrally extended) Galilei group, 
two 'conformal' generators, namely dilatations, V, and expansions, /C, which close with 
the Hamiltonian, H, into an sl(2, R) = o(2, 1) subalgebra [4]. 

Gauntlett et al. [5] extended this algebra to spin-| particles with spin generator £. 
They found five conserved odd generators, namely 



f Q = —7= P ■ C (helicity) 

m 



(1.1) 



S = -Jm {v — — t j • C (super-expansion) 
S = \frnC, (spin) 



(where p = r), which provide an 18-dimensional, N = 1 supersymmetric extension of the 
Schrodinger algebra. 

Soon after the discovery of the Schrodinger symmetry of the free particle, Niederer [6] 
found that the harmonic oscillator (described by the bosonic Hamiltonian Hb below) also 
admits this same Schrodinger symmetry — although the generators look quite different, 
cf. Eq. (7.5). This result has been extended by Beckers et al. [7] to the n-dimensional 
fermionic oscillator with total Hamiltonian 

(1.2) H tot =H B + H F =\(^- + mu 2 A - iu £ (C + C ~ C-C+) , 

^ ' a=l 

the C± (a = 1, . . . , n) being the generators of a Clifford algebra. This system has an iV = 2 
conformal supersymmetry, with supercharges 

Q± = (p =F imur) 



(1.3) 



S± = e^ 2lujt (p ± imur) ■ 



m 



Note that Hb and Hp are both bosonic and are separately conserved. For n = 3, this 
algebra has 21 generators. 
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Non-relativistic Chern-Simons theory in 2 + 1 dimensions also has a Schrodinger sym- 
metry [2], extended by Leblanc et al. [1] into a 16-dimensional N = 2 supersymmetry 
algebra. But, in two space dimensions, the 'ordinary' N = 2 superconformal symmetry of 
the type of Beckers et al. [7] has 18 generators: in particular, there are iV = 2 of each of 
the 'Q-type', '<S-type' and 'T-type' charges. In the LLM algebra, however, there are N = 2 
'Q-type' and '<S-type' supercharges, but just N/2 = 1 'T-type' charge. The commutation 
relations ot the LLM-algebra are similar to, but still different from, those of [7] for n = 2. 

The main result of this paper is to confirm the 'exotic' supersymmetry of Leblanc 
et al.: we construct, within the symplectic framework [8], extended to the Grassmann 
case by Berezin, Katz, Kostant, and others [9,10], two types of supersymmetric extensions 
of the Schrodinger algebra. Our clue is to first imbed the Schrodinger algebra sch(n) 
into isp(n), the (central extension of the) algebra of inhomogeneous (or affine) symplectic 
transformations. But this latter admits a natural supersymmetric extension, namely the 
affine orthosymplectic algebra iosp(n/m) obtained by adding m odd variables. We look 
therefore for supersymmetric extensions of sch(n) within iosp(n/m). This is reviewed in 
the first part of the article. 

Our I-type extension sch(n/iV_|_, iV_) exists for any spatial dimension n. It is labelled 
by a pair integers N + and iV_ , related to the dimension and the signature of the Grassmann 
space. Our algebra has N = N + +N- of each of the 'Q-type', 'S-type' and 'T-type' charges. 
If iV_ = (N = N + ), we denote this algebra simply by sch(n/iV). 

If, however, space is two-dimensional, we have another ' exotic' or L IJ-typ& extension, 
we denote by sch e (z/+, v~). It is again labelled by two integers, v+ and z/_, and yields 
N = 2v = 2(z/ + + v_) of each of the 'Q-type and 'S-type' charges but only v 'T-type' 
charges. 

In the second part of our paper, we illustrate our theory on examples. 

- Firstly, we recover the N = 1 super-Schrodinger algebra of Gauntlett et al. [5], in 
the /-type framework. 

- Beckers et al.'s oscillator superalgebra [7] corresponds to an /-type extension with 
N = N+ = 2. 

- The superalgebra of Leblanc et al. [1] is obtained as the 'exotic' ('//-type') extension 
sch e (z/ + = 1, v- = 0). 

- Parts of the symmetry algebra may remain unbroken by certain interactions. A 
celebrated example is the o(2, 1) symmetry of the Dirac monopole [11], which extends 
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to osp(l/l) when spin is added [12]. Another, more recent, example is provided by the 
magnetic vortex, which also carries the o(2, 1) bosonic symmetry [13]. Now, the Hamilto- 
nian admits two distinct square roots [14] that combine with the bosonic algebra into an 
osp(l/2) sub-superalgebra of our 'exotic' super-Schrodinger algebra [15] as illustrated by 
section 9. 



2. The orthosymplectic algebra. 

Let us start with a supervector space E = Eq © E\ ; the endomorphisms of E admit 
the even/odd decomposition 



(2.1) 



Z = 



A B 
C D 



A 
D 



+ 



B 

C 



The supercommutator which is defined on homogeneous endomorphisms by [Z, Z'\ = ZZ' ■ 
(-l)\z\-\z'\ Z 'Z reads 



(2.2) 



A B\ (A' B' 
C D j \C D' 

AA' - A' A + BC + B'C BD' - B'D + AB' - A'B 

CA' - CA + DC - D'C DD' - D'D + CB' + C'B 



From now on we will be dealing with E = R 2n © = R 2n / m , globally parametrized by 



X = 



Q 



G R 



2n 



and 



G R^" 



where the £ a (a = l,...,m) are, along with 1, the generators of the Grassmann alge- 
bra AR m and R^ 1 = A 1 R m . Now R, 2n / m carries the canonical symplectic structure of 
prescribed signature s given by [9,10] 



(2.3) 



u = J2 dpJ A d Q J + iJ2 £a d ^ a A d ^ a ' 



Q = l 



where e a = ±1 and s = ^ £ a- Using the anticommutativity of the odd variables, it is easy 
to check that 

a) u is superskewsymmetric, i.e. u(V,V) + (— l)l y l'l y \ u(V' ,V) = for all homo- 
geneous elements V, V G R 2n / m ; 



Super- Schro dinger 5 
b) u> is nondegenerate since it is represented by the even invertible endomorphism 



J 
G 



according to uj(V + V U V<$ + V{) = F JV£ + V{ GV{ where 

/ I n \ 
J = I and G 

\-I n 

c) u> is exact: 

(2.4) u= |ci(Pe2Q-e2PQ + £e2£) . 

In the last expression, the 'overline' stands for the adjoint with respect to a metric, e.g. 
P = P T and £ = ^ T G. We will systematically use this notation in the sequel. ( 1 ) 

Let us now recall the definition [9-11] of the orthosymplectic algebra osp(n/m) which 
consists of those endomorphisms Z of R 2n / m whose homogeneous components verify 
u(ZV,V) + (-l)\ z \-\ v \ u(V, ZV) = for all homogeneous elements V, V G R 2n / m . 
In other words, an endomorphism Z of the form (2.1) is orthosymplectic for the super- 
symplectic structure to = \ (dX A JdX + d£ A d£) of R 2n / m with signature s = m + — m_ 
if 

d{8X) A JdX + dX A Jd(SX) + d(5£) A d£ + d$, A d(<Jf ) = 

where = AX + , ^ = CX + D£, that is if ~AJ + J A = 0, C = B J and D + D = 0. 

We get therefore the superalgebra 

(2.5) 

UA B\ 

osp(n/m + ,m_) = < I ^ J A G sp(n, R), S G L(R™, R"), D G o(m + , m. 

whose multiplication law is given by (2.2). 



H If M e L((R p , G), (R q , H)) then M = G M H . 
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3. The Schrodinger algebra. 

We first recover the Schrodinger algebra [3,4] in a novel way, namely as a subalgebra 
of the extended affine symplectic algebra isp(n). This is achieved by identifying R 2n with 
R n <S> R 2 (i.e. with the n x 2 matrices) via 



(PQ) 



One shows now that the linear transformations 
(3.1) (PQ) i— > ^(PQ)^- 1 

are symplectic if A G o(n) and B G SL(2, R). The corresponding Lie algebra is isomorphic 



to 

(3.2) 



A G o(n); a, b, c G R > = o(n) x sl(2, R) C sp(n, R). 



A + al n bl n 

Note that the 'dual pair' o(n) x sl(2, R) is the homogeneous Schrodinger algebra [3,4]. 
The full centrally extended Schrodinger Lie algebra [3,4] is conveniently obtained [8,12] by 
considering rather the canonical contact structure on R 2n+1 , 

(3.3) vj = \ (PrfQ -dPQ) +ds, 

and look for the infinitesimal affine contact transformations 





which Lie-transport the 1-form w = 0, 

\ (SP) dQ + Pd(5Q) - dP(5Q) - d(SP) Q) + d(Ss) = 0, 
and extend o(n) x sl(2,R). One readily finds 

/ P \ 

Q 

s 

\lj 

where A G o(n); a, b, c, u G R; V, W G R n which defines the extended Schrodinger algebra 
sch(n), the central R-extension of 

(3.5) sch(n) 9* (o(n) x sl(2,R)) (s)R 2n . 



(3.4) 







/A + aI n 


bin 





v \ 


Q 




cl n 


A - al n 





w 


s 




|W 


2 V 





u 


\l) 




V 








/ 
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4. Schrodinger super algebras: /-type extensions. 

Let us now merge the two previous structures into a single one, viz. the canonical 
contact structure on R 2n + 1 / m [10] given by the even 1-form 

(4.1) a = \ (PrfQ -dPQ) + ±fdf + ds 

such that u = da. A tedious but routine calculation shows that the infinitesimal affine 
contact transformations are given by 

B V 
-A W 



(4.2) 



Q 

s 

1 



I A 

c 



2 



V e 



w 



■±V 




— E 








u 




-e 

2 ^ 




Q 

s 

1 



with B = B,C = C,«eR;V,W6R n ; E,6e L(R?, R n ), ^ e and D + D = 0, 
i.e. D G o(m_|_,m_). This is, indeed, the extended affine orthosymplectic superalgebra 
iosp(n/m + , m_), spanned by the vector spaces isp(n,R), o(m + ,m_), and L(R^, R 2n+1 ). 

Let us now look for Lie superalgebras that extend nontrivially the Schrodinger algebra 
sch(n) in (3.4) within iosp(n/m + , m_). Thus, the commutator of two infinitesimal trans- 
formations (4.2) should close according to (3.4); the crucial condition is that A, B and C 
in Eq. (4.2) be of the same form as in Eq. (3.4). By Eq. (2.2), this requires 

( EG 7 + E'0 + 0E 7 + 0'E = a" I n 



(4.3) 



EE' + E'E = b"l ri 



. ee' + e'e = c "i n 

for some scalars a", b" and c". One way of satisfying these conditions is to assume that 
the matrices split into iV blocks, 

••• 



so that m = nN and £ 



with £j G Ri , supplemented by the '/-type' Ansatz 



(4.5) E = (a 1 /™ . . . a N I n ) and = (#% . . . 6 N I n ), 

where a j , 9 k G Ri for all j, k = 1, . . . , N. 
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Let N + (resp. iV_) be the number of blocks in (4.4) with positive (resp. negative) 
sign and N = N + + iV_. For each pair (iV+, iV_), we get a supersymmetric extension of 
the Schrodinger algebra we call (N + , N_)-Schr v 'dinger superalgebra of I -type, and denote 



by sch(n/A^ + , iV_). It consists of endomorphisms in s\(2n + 2/nN) 


of the form 




/A + aI n 







V 






-* N In \ 






A - al n 





w 


-e x i n 








w 


2 V 





u 


2 




























(4.6) Z = 


Olln 







*i 


A 


R\l n . . . 


Rlln 












R\I n 


A 








—o~nIu 





*7V 


R\jln 




A ) 



with A G o(n); a, 6, c, u G R; V, W G R n ; i? = (R]) G o(N+, N_); ^ = t 3 o\Q d = e 6 J G 
Ri, *j G * J = ej*J (all j,k= 1, . . . , N). The supercommutators Z" = [Z, Z'\ read 



' A" = AA' - A' A 



(4.7) 



jo 



1/3 



a" = be' -b'c-J2 ( V + ) 

N 

b" = 2(ab' -a'b)+2^orj& 

3 = 1 
N 

c" = 2(ca' -c'a)-2j2°3° 

i=i 

V" = AV - A'V + oV - a'V + bW - b'W - + *X) 

TV 

W" = AW - A'W - aW + a'W + cV - c'V - ^ + 

N 

u" = -VW + V'W - Y^'Vj 

3=1 

N 

R") = -J2 ( R i R,i j - R'iRf) + ° k °j ~ °' k °3 ~ ° k °j - °' k0 3 



N 



i=l 
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for the bosonic part, and 



a" 3 = aa J - a 



V + be' 3 - tie* - ( R l°' k - R'i° k )i 

k=i 

N 

9" j = -a6' J + a'P + ca' J - c'a 3 - ^ [lV k 9' k - R' 3 k 6 k ) , 



fc=i 



N 

fc=i 

for the fermionic part. 

The components of the associated supermoment map [10], 

At : B? n+1 ' nN — > sch(n/AT + , iV_)*, 

are found using the expression 

(fj,,Z) = i(Z E )a, 

the infinitesimal action Z E of Z (given by (4.6)) on E = H 2n+1 / nN being defined in (4.2). 
Putting 



(4.9) 



(H,Z) =±Tr(JA)+Hc-Va-}Cb-gV + VW + Mu-±H jk R j 



+ Qj9 J -Sja 3 + 3 3 V j 
where we have adopted the Einstein summation convention and used the metric 

9jk = tjdjk 

to raise and lower fermionic indices, we claim that 
(J = QP-PQ-(j?i, 

_ l||p||2 
2\\ r \\ > 

= PQ, 



(4.10) 



n 
v 

K 

g 
v 

M 



^IIQII 2 , 



2 I 

Q, 
P, 

i, 

where j, k = 1, . . . , N. The components of [i plainly generate, under super-Poisson brackets 
we still denote by [•,•], a superalgebra isomorphic to sch(7i/iV_|_, iV_). 
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The crucial formula ( 2 ) 



(4.11) [( f i,Z),( f i,Z')]=-( f i,[Z,Z']) 

yields, using the commutation relations (4.7,8), the 'even' Poisson brackets 

(4.12) [Jab, Jed] = 5 c bJad — 5 ca Jbd + 5dbJca ~ ^daJcb, 

and 



(4.13) 



[H,V] 


= 2H 


[H,K] 


= V 


[v,iq 


= 2/C 


[Jab, T~C] 


= 


[JabM 


= 


[Jab, K] 


= 


[Ga,Gb] 


= 


[V a ,V b ] 


= 


[VaM 


= S b M 


[Ga,J bC ] 


= s b a g c -s a g b 


[V a ,J hC \ 


= s b a v c -s c a v b 






[n,g a ] 


= v a 


[H,Va] 


= 


[DM] 


= Ga 


[D,V a ] 


= -V a 


[KM] 


= 


[K, V a ] 


= -Ga, 



where a,b,c,d= 1, . . . ,n, {M. commutes with everything). These are the commutation 
relations of (o(n) x o(2, 1)) (s)h(n), i.e. that of the extended Schrodinger algebra sch(n). 
The Hij 's commute with all other bosonic generators and, themselves, generate o(N + , N_): 

(4.14) [Hij, Hki] = —gkj'Hu + gkJiji - gejHki + gnH k j 

where i,j,k,£=l,..., N. The bosonic commutation relations are hence those of the direct 
product of the extended Schrodinger algebra with o(N + , N_). They are supplemented with 
the relations involving 'fermionic' (i.e. odd) component. Firstly, we have 

[Qj,D] = Qj [Qj,K] = Sj 

[Qj,Ti] = o [Qi,Hjk\ = gikQj-gijQk 

[S ,V] = -Sj [Sj,K] = 

[Sj,H] = —Qj [Si,Hjk] = gikSj — gijSk 

[Qj,Qk] = -2g jk H [«5j,«5fc] = -2g jk JC 

[Qj,Sk] = -gjkD + Hjk, 

which says that the H, V, /C, Hj k close with Qj, Sj into osp(l/iV+, iV_). 



(4.15) 



( 2 ) According to our convention, [Ze, Z' e ] = — [Z, Z']e- 
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Next, according to 

(4.16) [Q J ,Ja6]=0, [Sj,J ab }=0, 

the 'homogeneous super-Schrddinger algebra' is the direct product o(n) x osp(l/N + , N_). 
The commutators of translations and super-translations, 

(4.17) [V a , Sj] = 0, [Q a , Sj] = 0, [S£, S|] = -<7 jfe 

define the super-Heisenberg algebra h(n/N + , iV_) Beckers et al. denote by sh(n). Finally, 

P>,3J] = 
[TCjk, = 9ij — 9ik 

[QvV] = o 

fixes the relation between the homogeneous and inhomogeneous parts as a semidirect 
product. In conclusion, our superalgebra has the following structure: 

(4.19) sch(n/iV + , JV_) = (o(n) x osp(l/N+, N_)) (s) h(n/N+, iV_), 

generalizing what Beckers et al. [7] found for N = N + = 2. In most frequent cases, when 
all epsilon's are equal to 1 and N = N + , we denote our Schrodinger algebras simply by 
sch(n/iV). 



[W,3?] = 

[/c,s«] = 

(4 ' 18) [Qj,S a ] = SJ 

[Qi.Sg] = -g jk V a 



Discussion. 

Let us recall [4] that the SL(2, R) subgroup of the Schrodinger group actually shows 
up in the presymplectic framework over space-time as a covering group of the projective 
transformations of the time axis. Our /-type Ansatz, (4.4-5) amounts to decomposing R 2n 
by viewing it as a tensor product, 

(4.20) R 2n = R n <g> R 2 , 

and super-extending it by extending the 'time-like' factor R 2 into R 2 /^, so that the super- 
symplectic phase space becomes 

(4.21) R 2n/n7V ^ R n R 2/JV_ 
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The structure of the (unextended) /-type superalgebra sch(n/iV_|_, iV_) becomes clear 
by writing its action on the super-symplectic space in the form 



(4.22) 



5(PQ £1 • • • Zn) = A(PQ + (PQ Zi...£n)B + C, 



where (cf. (4.6) for the notation) 



' A G o(n) 



(4.23) 



fa 



B = 



e 



b 



a I G osp(l/iV + ,iV_) 
6 R 

k C = (VW *i . . . * N ) g B? n ' nN . 



We note that the /-type extension amounts hence to super-extending the conformal 
subalgebra sl(2, R) = osp(l/0) into osp(l/A^ + , N_). In other words, it consists of those 
automorphisms that respect the 'space-supertime' factorization (4.21) much in the same 
way as the Schrodinger algebra sch(n) does for the 'space-time' factorization (4.20). 



5. Schrodinger super algebras: exotic (/J-type) extensions. 

Now we try to find other supersymmetric extensions of the Schrodinger algebra. Let 
us hence return to the conditions (4.3), and inquire under what circumstances the second 
one, for example, 

(5.1) EE' + S'E = A/ n , 
(A G R) can be satisfied by E's of the form 

(5.2) E=(E 1 ...E"), 

where E J is in Z(R n , R n ) for j = 1, . . . , v. Such a matrix Y? can be decomposed into its 
symmetric and antisymmetric parts (with repect to the metric Gj = €jl n ), and condition 
(5.1), applied to E and E' with E /fc = S jk I n , entails that any E- 7 is necessarily of the form 
(j J / n + J , where IP + IP = 0. Thus fP is an orthogonal matrix. Now Eq. (5.1) requires 



(5.3) 



{rt) 2 = \*i n . 
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Thus, in the generic case A- 7 7^ 0, IP is invertible, so that space has to be even dimensional. 
Let be a basis of the subspace spanned by those orthogonal matrices which satisfy 

Eq. (5.3). Then it is easy to verify that all three relations in Eq. (4.3) hold if 



(5.4) 



£= (E 1 . . . 

e = (e 1 . . . e") , 



where 



a j I n + al K VL K 



eu n + ei K n K 



Then some algebra yields the crucial condition 



(5.5) 



ai K (Q K A - Att K ) = 



for all A G 0(71). Thus, if n > 2, the only possibility that wouldn't break the o(n)- 
symmetry, is ai K = 0. In other words, for n > 2, the /-type extension considered in 
Section 4 is the only possibility consistent with the Ansatz (5.2). 

If, however the space is two-dimensional, the rotation group is Abelian, and one can 
have a non-trivial O, namely 



(5.6) 



O = (7* J, 



J being the generator of rotations in the plane, J = ^ ^ J 

Let us hence examine the planar case n = 2 in some more detail. Now the Grassmann 
space is m = 2z/-dimensional. Then the matrix D in (4.2) can be decomposed into 2x2 
blocks, 



/ 



D 



\ 



V D V J 

Since D is orthogonal, D e o(2v + , 2z/_), each 2x2 block is further seen to be of the form 
D J k = R J k I + S J k J where / = I2, (R^) is m ( a shorthand for o(z/ + , z^_)), and (S J k ) is a 
symmetric v x v matrix. Hence we have proved that, for n = 2, the Ansatz (4.5) can be 
generalized (see (5.4,6)) to 



(5.7) 



E = (a 1 / + a\j ...a u I + a^J) 

e = (e 1 i + e\j ... e^i + e^j), 
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yielding the 'exotic' super- Schrddinger algebra which consists of those endomorphisms of 
R 6 / 2 ^ of the form 



(5.8) 



/ A + al 


L T 

01 





1 r 

V 


— L 




cl 


A-al 





w 


-e 1 .. 




iW 


2 V 





u 


2 * 


2 


! o 



















-Si 







£>i .. 


• ^ 




-£„ 












where A = ivJ; a, 6, c, w G R; V, W G R 2 ; E J = a J 7 + cnjj, = 0-» J + 6{J; ^ 3 G R 2 ; the 
2x2 block matrices D J k being given for j, k = 1, . . . , v by 



(5.9) 



Dt=RU + StJ 



with i? + i? = 0, i.e. i? G o(z/) and S = S. 

The components of the supermoment map are, this time 



(5.10) 



(//, Z) = - Ju + He - Va - Kb - Q V + V W + Mu 



\H jk W k + \C jk S 3k + QjO j + Q*9{ - S.o 1 - S]n[ + E'>, 



with j, k = 1,...,za (Again, indices in (5.10) are raised and lowered by means of the 
metric gij = Sij.) Explicitly, we get the remarkably symmetric formula? 



(5.11) 



' J 


= QxP, 






Qj 




n 


— 1 IIPII 2 

2 \\ r II i 






Q* 




V 


= P Q, 






S j 


= Q-fc, 


JC 


= ^IIQII 2 , 








= Q x £j, 


< G 


= Q, 










V 


= P, 










M 


= i, 










Uj k 


= H\jk] = 












= C(jk) = 




x 
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Note that, in the plane, the cross product of two vectors is a scalar, uxv = e^v^v^ = u J v, 
where is the totally antisymmetric symbol, £i 2 = 1. Hence, £ x £ = ^ x ^ 2 — £ 2 £ x = 2£ 1 £ 2 . 

Thus, we now have N = 2v 'Q-type' and '5-type charges, half of them symmetric 
(/-type), the other half antisymmetric (J-type), but only v 'T-type' vector-charges Hj. 
Note also that we now have two types of 'fermionic Hamiltonians' namely the symmetric 
Cjk's and the antisymmetric TijkS. 

The super-commutators and super-Poisson brackets, calculated in the usual way, are 
rather complicated. They are listed in the Appendix. The particular case of v = 1, 
ei = €2 = 1, which plays a significant role in Chern-Simons theory, is worked out in 
Section 8. 



6. A free spinning particle. 

Let us first consider a free, spin-i particle in ordinary space and construct its su- 
persymmetry algebra directly. At the pseudo classical level [9] including spin amounts to 
adding an anticommuting 3- vector, £ = (C a ), turned into Pauli matrices upon quantization. 
In the first part of this Section we work in the quantized setting, i.e. with commutators. 
The Hamiltonian 7i is formally the same as for spin 0, Ti, = p 2 /(2m), and is readily seen 
to be the square of the conserved supercharge 

(6.1) Q = -Lp-C (helicity). 

The commutator of Q with boosts, Q = mr — pt, yields another conserved charge, H, which 
turns out to be proportional to £ 5 

(6.2) S = ^/mC, (spin). 
Being the sum of two conserved quantities, 

(6.3) J ah = r a p b - p a r b - ( a ( b (total angular momentum), 

is also conserved. The bosonic generators H,J,V,G,M. (see (6.10) below), and the 
fermionic generators Q and S form the 15-dimensional Galilei super-algebra of Gauntlett 
et al. [5]. Commuting the helicity, Q, with the expansion, /C, yields a new charge, namely 

(6.4) S = \fm (r — — t ) • £ (super-expansion). 
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Hence we find an 18-dimensional, N = 1 supersymmetric extension of the Schrodinger 
algebra [5], whose commutation relations correspond to those of sch(3/l) in (4.19). 

The above result can easily be further extended, using our framework. (From now on, 
we work again at the pseudo-classical level, i.e. with Grassmann variables). Let us chose 
N anticommuting n- vectors, ( = (d, . . . , Cn)- A free non-relativistic particle with mass 
m and spin N/2 is described by the action [9] 



(6.5) 



A 



N 



p r 



2m 



dt, 



with associated equations of motion p = 0, r = p/m, ( = 0. The classical motions are 
straight lines with ( = const. The 'space of motions' is hence globally parametrized by 



(6.6) 



_P 

m 



Q 



m 



m 



In Souriau's language [8] adapted to this (super) setting, this amounts to working with 
the 'pre-symplectic' two-form 



(6.7) 



N - ( P 2 \ 

<j = dpAdr+±J2 d ^ Ad ^- d {^) 

7 = 1 ^ ' 



A dt 



on the 'evolution space' 



(6.8) 



£ = 



r 

t 



p,rGR n ; teK; ( = 



/Ci\ 



\CnJ 



The 2-form a in Eq. (6.7) is readily seen to project to the space of motions as 



(6.9) 



N 

m (dP AdQ + ^Y^ d €j A d %j) ' 



i.e. m-times the super-symplectic form u in Eq. (2.3) with ej = 1. According to our general 
theory, the system admits an JV = iV_|_-super-Schrddinger symmetry given by Eq. (4.6). 
The associated conserved quantites are obtained therefore by inserting the parameters 
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P, Q and £ from Eq. (6.6) into Eq. (4.10), and multiplying by m to yield 



17 



(6.10) 



jab = 



13 



n 

V 
K 

n 



g 
v 

M 



2m 



. p a r b 



N 



= P.(r-^) 

V m J 



|m ( r 



• Q 
1 



= vm 



m 



mr — pt 

P 

m 

y/™Cj 



(angular momentum) 

(energy) 

(dilatations) 

(expansions) 

(fermionic Hamiltonians) 
(helicities) 

( super-expansions) 

(Galilean boosts) 
(linear momentum) 
(mass) 
(spins) 



This generalizes the superalgebra of Gauntlett et al. [5] from N = 1 to any N. (The 
expression of the angular momentum is consistent with having spin-^iV). Notice that for 
iV > 2, one also gets an extra bosonic o(N) generated by the Hi/s — whose conservation 
is, however, trivial. 

If iV > 2, an extra term can be added to the Hamiltonian. For iV = 2, for example, we 
have two anticommuting Grassmann vectors £j, and we can consider the new Hamiltonian 



2m 



- iu (c+ • C- - C- • C+) 



(6.11) 

with io = const. Since the new term commutes with all bosonic variables, the motion 
in space is undisturbed. However, the £± = o(Ci =t ^2) satisfy rather £± = =piu C±, 



so that C±(t) 



^±(0). The projection to the space of motions is hence given as 



P = p/m,Q = r — pt/m, supplemented by 
(6.12) £± = e ±lujt 



C± 



m 



Then it is easy to check that one still gets the same symplectic form (6.9). In other 
words, the space of motions is unchanged by the extra term, and it has therefore the same 
sch(n/iV) supersymmetry as for u = — realized in a less trivial way. 
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Let us mention that, if the space is two dimensional, n = 2, we have, in addition to 
the /-type SUSY considered before, also the 'exotic' SUSY described in Section 5, with 
the usual bosonic generators H, V, /C, v{y — l)/2 'fermionic Hamiltonians' Hij = Ci • Cj, 
but also v{y + l)/2 symmetric charges Cij = Ci x Ci- The angular momentum is simply 
the scalar J = r x p. 

The bosonic generators are supplemented by v /-type and v J-type supercharges, as 
well as v spin vectors Sj = Cj/V™ e R 2 , j = 1, . . . , v. The structure of this algebra is 
described, for v = 1, in Section 8. 



7. The symmetries of the harmonic oscillator. 

Let us first rederive the Schrodinger symmetry for an n-dimensional bosonic harmonic 
oscillator [6] in our framework. Let us indeed consider the oscillator with Hamiltonian 
Hb — p 2 /(2m) +mw 2 r 2 /2. The classical trajectories are r(t) = A cosut + (l/mu;)B smut. 
The space of motions is therefore R 2n , parametrized by A and B. In fact, using 



(7.1) A = rcoscdt — sin ut and B = moor sin cut + p cos cut, 



it is readily verified that the presymplectic 2-form a of the evolution space S = R 2n+1 
parametrized by the triples (r, p,£) projects to the space of motions £/ker(a) as the 
canonical symplectic structure of R 2n , 

(7.2) a = dp A dr - dH B A dt = dB A dA = m(dP A dQ) 



where 



(7.3) P = — and Q = A. 

m 



Thus, the space of motions is the same symplectic vector space as for a free particle — and 
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carries therefore a Schrodinger symmetry [6] . The components of the moment map read 
( Jab = r a p b - r b p a 

V = B = mur sin ut + p cos ut 

, p 

y = m A = mr cos ut sin ut 

u 

2 1 i 2 2 2 I? 2 i 

= B = i mw r sin ut H cos cut + cu r • p sin 2cut 

2m z \ m J 



(7.4) 



= m 



D = B ■ A = i ( mcur 2 — ] sin 2cut + r • p cos 2ut 



mu 



JC = imA 2 = im | r 2 cos 2 ut + ( -^—) sin 2 cut 
1 \ \muJ 



sin 2cut . 



mcu 



The symmetry generators are combinations of those in Eq. (4.10). For example, a 
time-translation for the oscillator, St = e, appears, in 'free particle' (i.e. space of motions) 
language, as a time translation by e, followed by an expansion by cu 2 e, etc. In the so-called 
oscillator representation, they are expressed as 

' Jab = Jab = r a p b - r b p a 



(7.5) 



H B =H + u 2 K. = - (— + mu 2 r 2 
2 V m 



C± = ±i(H- u 2 IC ± iuV) = ± e ^ 2lut (p ± imuvf 

2m 

P± = ±i(P± iuQ) = ±ze T ^* (p ± imur) 



k M = M=m 

with a, b = 1, ...,n. Here Hb, C + and C_ generate an sl(2, R) algebra; the angular 
momentum J generates o(n); finally, the P± and M span an n-dimensional Heisenberg 
algebra h(n). 

The N = 2 supersymmetric oscillator in n space dimensions can be described by 
adding two anticommuting vectors, £i and £2 (or C± = § (Ci ± ^2))- The action is 



(7.6) 



r 2 - 

J 3=1 



999 

£ + — MC+-C--C--C+) 



eft. 
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The equations of motions for p and r are identical to those without spin, while for ( 
we get dCi/dt = 0UC2, dC, 2 /dt = — cu£i- It follows that the trajectory r(t) is the same as 
above, and that C±(t) = e Tia, *C±(0). The evolution space is the same as for a free particle, 
see (6.8) with iV = 2, while Souriau's two-form reads 



2 r 9 9 9 



(7.7) a = dp A dr + |J] dC >j A dCj - d 

3 = 1 



_ + __ MC+ -c--c--c + : 



A eft. 



The coordinates on the space of motions (now super-symplectomorphic to R 2n / nAr ) 
can therefore be chosen as 

(7.8) P = — , Q = A, £± = e ±iuJt C± 



It is easy to see that cr projects to the space of motions to yield once again m-times 
the (super)symplectic form of Eq. (2.3) with N = 2 and ej = 1. Inserting (7.8) into (4.10) 
and multiplying by m yields the modified expression of the angular momentum including 
a spin contribution, 

(7.9) J ab = r a p b - r b p a - (£C* + C- (+) , 

and provides us with further conserved quantities. Using 

V ± imujQ = e TluJt (p ± imujr) , 



we obtain 



(7.10) 



<2 ± =p imuS± = (p =F imur) ■ 



>m 

Q± ± imuS± = e =F2ia '* (p ± imwr) 



rn 



i.e. Q± and S± in Eq. (1.3). Similarly, 

(7.11) H F = -iuH 12 = -iu (C+ • C- - C- • C+) , 
coincides with the fermionic Hamiltonian in (1.2), and 

(7.12) H ± = v ^e ± ^C± 
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are the generators T± in Eq. (1.3). We have thus confirmed the sch(n/2) supersymmetry 
found by Beckers et al. [7]. 

From Eqs (6.6) and (7.1,3) it follows also, that 

1 

^free — tan(wt osc ), 



(7.13) 



I"free 



r 



osc 



cos(ut c 



>± _ ±i(ujt oac — tan(oitosc)) /-± 
Mree ^osc 



extends Niederer's correspondence [6] to the case of a free, spin-1 particle with Hamiltonian 
H tot = H B + H F , and the supersymmetric oscillator. 

We just mention, for completeness, that in 2 space dimensions we can also have exotic 
supersymmetry of Section 5. For v = 1 (just one Grasmann vector £ e Ft).), one gets the 
fermionic charges 

(p + imur) 



(p + imujr) x 



m 

c 



(7.14) 



e 2 ^(p - imur) 



e 2 ^(p - imur) x ^ 



There is now no "K^-type' extra bosonic charge. There is, however, an '£ 12 -type' charge, 
namely 



p 2iut 

(7.15) C= CxC 

m 



8. Chern-Simons-Matter Systems. 

In Ref. [1] Leblanc, Lozano, and Min have constructed a novel, 16-dimensional super- 
conformal extension of the planar Galilei group. Describing their theory goes beyond our 
scope here; we demonstrate, however, that their superalgebra is precisely our 'exotic' ex- 
tension described in Section 5. Let us in fact assume that n = 2, and consider the l IJ- type' 
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extension with v = 1 and e\ = e 2 = 1. The Grassmann space is hence two-dimensional. 
The corresponding 'exotic super-Schrodinger algebra' is represented by those matrices 



(8.1) 



/ A + al 
cl 





bl V 

A-al W 

u 



9I-9*J -oI + o*J * 



—a/ — a* J \ 
-61 -6* J 



2 v 



2 * 


5 



/ 



where I = I 2 , J = J 2 ; A = uJ G o(2); a,b,c,u,r G R; V,W G R 2 ; S = rJ E o(2); 
a, a*, 0, 6** G R x ; * G R 2 . (Note that there is no R but there is an S — cf. (5.9)). The 
supercommutators Z" = [Z, Z'\ are found as 

u" = 06* + o'9* - o*9' - o'*9 
a" = be' - b'c - (o9' + o'9 + o*9', + 
b" = 2(ab' - a'b) + 2(oo' + 0*0'*) 
c" = 2(ca' - c'a) - 2(99' + 9*9'*) 
V" = J(wV - w'V) + oV - a'V + bW - b'W - (a*' + <t'¥) 

-J(o**' + o'*V) 
W" = J(uW - uj'W) - aW + a'W + cV - c'V - (0*' + 0'*) 
- J{9*<&' + 9'^) 
u" = -V W + V 7 W - ¥ 
r" = 2(a6»; + a'0* ~ 0o'* -6' a*) 



(8.2) 



and 



(8.3) 



// / 

o = 0*00 



o'*u + aa' — a' a + b9' — b'9 + ro* — r'o* 
o" = -ou' + o'u + ao* - a' a* + 60* - b'9* - ro' + r'o 
9" = -a6' + a 9 + 9*J - 9'*u - 9*r' + 9'*r + co' - c'o 
9'1 = - a 9'* + a'9* - 9 J + 9'u + 9r' - 9'r + co'* - c'o* 
= -aW + o'W + 0V - 0'V 

- J(0*V - 9'*V) + J(o*W - o'*W) + J(r*' - r'¥). 
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The formula (5.11) of the supermoment map yields now 16 supercharges, namely 



' J = QxP, 

n = i||P|| 2 , 

V = P Q, 



Q = P 

Q* = Px£, 

s = Q £, 

5* = Qx^, 



(8.4) 



< 



/C = IHQ 
S = Q, 



s = 6 



= p, 



7W 



1, 



Observe that there is just one super-translation vector, and hence a single 'spin' 
vector H, which does not contribute now to the angular momentum: the space rotations 
do not affect the Grassmann variable Thus J is merely the orbital angular momentum. 

The even Poisson brackets are those of the direct product of the Schrodinger algebra 
sch(2) with an extra o(2). Both sets of supercharges Q 7 S and Q*,S* extend the bosonic 
sl(2,R) generated by H, £>, /C into osp(l/l) but they fail to close with £ into osp(l/2), 
because the mixed commutators [Q, S*] and [Q*,«S] bring in the angular momentum: 



(8.5) 



[Q,S] = o, 

[Q,S*] = -J + C, 



[Q*,S*] =0, 
[Q*,S\ = J-£. 



But J satisfies now non-trivial commutation relations with the supercharges, 



(8.6) 



[J, Q] = Q*, 
[J,S]=S*, 



[J, Q*] = -Q, 
[J,S*] = -S. 



Thus, defining 



(8.7) 



y = J-C = QxP-£x£, 
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the generators TL,V,lC,y and Q, <2*,5,<S* satisfy once more the osp(l/2) relations, 



(8.8) 





= Q 


[Q*,V] 


= Q* 




= S 


[Q*,1C] 


= S* 


[Q,n] 


= o, 


[Q*,H] 


= 


[Q,y\ 


= Q* 


[Q*,y] 


= -Q 


[S,V] 


= -S 


[S*,V] 


= -S* 


[S,K] 


= 


[S*,K] 


= 


[s,n] 


= -Q 


[S*,H] 


= -Q* 


[s,y] 


= S* 


[s*,y] 


= -S 


[Q, Q] 


= -2H 


[Q*, Q*] 


= -2H 


[5,5] 


= -2JC 


[S*, S*] 


= -2/C 


[Q, ci 


= 


[S,S*] 


= 


[Q,s] 


= -V 


[Q\S*] 


= —V 


[Q,s*] 


= -y 


[C*,5] 


= y. 



On the other hand, 

(8.9) Z = J -\L = Q^V 

commutes with all generators of osp(l/2), so that the homogeneous part is once more a 
direct product, o(2) x osp(l/2). 

The generator Z plays the role of ordinary rotations, and y behaves as a fermionic 
Hamiltonian in the conventional case. Both mix spatial and internal rotations. Since Z 
satisfies the same commutation relations with the bosonic generators as J does in (4.13), 
Z, H, U,JC,M.,G,V form the standard Schrodinger algebra sch(2). 

The generators Q,V and S span the super-Heisenberg algebra h(2/l), 

(8.10) [£ a ,S b ]=0, [P a ,S b ]=0, [S a ,S 6 ] = -M5 ab . 

The remaining relations are exactly the same as in the '/-type' case, showing that the 
structure of our new algebra is 

(8.11) sch e (l) (o(2) x osp(l/2)) ©h(2/l), 

cf. Eq. (4.19). The only difference is that there is now just one super-translation. 
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Finally, the commutation relations of the superalgebra of Leblanc et al. [1] are indeed 
recovered from those (8.5-10) of our exotic super-Schrodinger algebra sch e (l) by setting 



LLM 




1)11 


J 


= 


J + M-\ 


H 


= 


n 


K 


= 




D 


= 


\v 


G± 


= 


TQi + 1Q2 


P± 




TVi + iV 2 


N F 




2'- 


N B 




M + \C 


Qi 




iZ 1 - S 2 


Ql 




S 1 - zS 2 


Q 2 




WQ-Q*) 


Ql 




\{Q-iQ?) 


F 




\{S + iS*) 


p* 




\{iS + S*). 



9. Supersymmetry of the monopole and of the magnetic vortex. 

A few years ago, Jackiw [11] pointed out that a spin-0 particle in a Dirac monopole field 
has an o(2, 1) dynamical symmetry, generated by the spin-0 Hamiltonian, 7io = 7r 2 /(2m), 
by the dilatation and by the expansion, 

(9.1) V= -2m + |(7r-r + r-7r) and Z = t 2 H ~ tV + ±mr 2 , 

where iz = p — eA is associated with a monopole vector potential, A. This result was 
extended to spin-| particles by D'Hoker and Vinet [12] who have shown that for the Pauli 
Hamiltonian 

(9.2) H=^(n 2 -eB.<r), 

not only the conformal generators V and /C, but also the 'fermionic' operators 
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are conserved. Thus, adding the total angular momentum, the spin system admits an 
o(3) x osp(l/l) conformal supersymmetry. 

Recently, Jackiw [13] found that the o(2, 1) symmetry, generated by V and IC is also 
present for a magnetic vortex; it combines with the angular momentum and the 'exotic' 
N = 2 supersymmetry [14] into an o(2) x osp(l/2) superalgebra [15]. 

We first show this in a quantum- mechanical context. 

Let us start with a spin-| particle in a static magnetic field B = B(x,y)z. Dropping 
the irrelevant z variable, we work in the plane. The model is described by the Pauli 
Hamiltonian (9.2) with B = rot A = e^diAj. It is easy to see that H is a perfect square 
in two different ways: both operators 

(9.4) Q = j_ 7r • <t and Q* = J*_ 7r x <t, 

V2m V2m 



where cr = (a\, 02), satisfy the anticommutation relations 
(9.5) IQ,Q] + = [Q*,Q*] + = 2H. 

Thus, for any static, purely magnetic field in the plane, H is an N=2 supersymmetric 
Hamiltonian [14]. 

Let us assume henceforth that B is the field of a point-like magnetic vortex directed 
along the z-axis, B = $5(r), where $ is the total magnetic flux. It is straightforward 
to check that T> and IC as in Eq. (9.1) generate, along with 7i, the o(2, 1) Lie algebra, to 
which the angular momentum, J = r x 7r, adds an extra o(2). Commuting Q and Q* with 
the expansion, /C, yields two more fermionic generators, namely 



(9.6) 



5- = i[ e-,£] = yf(r-^)x CT . 



Then the same calculation as in Section 8 shows that y = r x n + o"3,?i,P,/C and 
Q, Q*,S, S* span the osp(l/2) superalgebra. Adding also Z = rxn+^<73, which commutes 
with all generators of osp(l/2), we conclude that the full symmetry superalgebra is the 
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direct product osp(l/2) x o(2), generated by 

r x 7T + a 3 , 
1 
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(9.7) 



y 

H 
V 

t 
Z 



2m 



(tt 2 - eBa 3 ) , 



eB 



\ (tt -q + q-Tr) +t cr 3 , 

A m 



1 9 

7?mq , 



Q 
S 

s* 



r 2m 
1 



7T • <T. 



2m 
m 



7T X (T, 





q <r, 



q x cr, 



= rX7r + icr 3 , 



where we have introduced q = r — tiz/m. 

Now we re-derive these results in our framework. 

We shall be concerned with the supersymplectic space R 2n / n , where n = 2, 3 to deal 
respectively with the case of the magnetic vortex F = \Fjk dr J A dr k = $>d(r) dx A dy 1 and 
the Dirac monopole F = ^ijkB 1 dr 3 Adr k with B = gr/r 3 . The minimal coupling prescrip- 
tion amounts to replacing the standard supersymplectic structure of R 2n / n , parametrized 
by (r,7r,£), see (2.3) by 

(9.8) oj = diTj A dr 3 + \d^ 3 A d£> + \eF jk dr J A dr k 

where e is the electric charge of the test particle. 



1) The Dirac monopole. 

The Pauli Hamiltonian, 

(9.9) 



gives rise to the Hamiltonian vectorfield (according to i(X^)u> = —dH), 

(9.10) mX n = rfd ri - e (F^ + ^F^") d nj - eF^%. . 

Routine calculation using the homogeneity property r 3 d 3 F^ = — 2F^, shows further- 
more that Ti and 



V = tt • r - 2tH 



with Xx> = r J d r j — 7Tjd nj — tX-j-c, 



(9.11) 



K, = \mr 2 - W + t 2 H with X K = -r J d 1Tj - tX v + t 2 X- 



n 
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form, under Poisson brackets {f,g} = Xfg, and for each value of t, an algebra isomorphic 
to o(2, 1). Moreover, the superfunctions 



(9.12) 



Q 



7T-£ 



m 



whose hamiltonian vector fields read 

1 



(9.13) 
and 
(9.14) 



and S = y/mr-£ — tQ, 



X s = -V^ + r%) - tX Q , 

extend the bosonic symmetry algebra into osp(l/l). 
The extra rotation generators read 

(9.15) X Zjk = rjd r k - r k d r j + TTjd^k - n k d n j + - £ fe <9^ 
with 

(9.16) Z jk = 2r {j Tx k] - £j£ k . 



2) The magnetic vortex. 

The vortex case is quite similar: using xS(r) = yS(r) = and r ■ 5'(r) = — 2<5(r), it is 
straightforward to find nine Hamiltonian vector fields X^, Xp, X/c, Xy, Xq, Xq* , Xs, X$* 
and X z which leave the symplectic form (9.8) invariant, and to check that their Poisson 
brackets satisfy the o(2) x osp(l/2) supercommutation relations. One readily checks that 

y = rx7r-£x£, Q = 



(9.17) 



n = ^(^ + eB£x£), Q* 



'm 
7T x £ 



S = ^/mr ■ | - tQ, 
S* = x i-tQ*, 



V = 7r-r- 2tH, 
K. = \mv 2 -W + t 2 H, 
Z = rxir-±£x£, 
actually span the pseudoclassical analog of the operator superalgebra (9.7). 
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Appendix 

In two configuration-space dimensions, n = 2, the ZJ-type Ansatz (5.7), yields the 
following 'exotic' superalgebra (see (5.10,11)): the even super-Poisson brackets read 



(A.1) 



[J,G a ] 




[J, v a \ 


= - J£V b 


[J, Qj] 


= Qj 


[J, Qj] 


= -Qj 




= S J 




= Sj 


[H,V] 


= 2H 


[n,jc\ 


= V 




= *p a 






[n,Sj] 


= Qj 


[H,S*\ 


= Q* 

^3 




= 2JC 


[v, g a ] 


= G a 


[V, V a ] 


= —J> a 






P>, Qj] 


= -Qj 




= -Qj 


[V, Sj] 


= Sj 




=3j 


[}C,V a ] 


= -G a 








= Sj 


[£, Q*] 


= ~ S 3 


[G\V h ] 


= -M6% 






[<3 a , Qj] 


77<x 

1—1 3 


[G a , Qj] 


- J b 1—1 j 






"J 


[P a , S*} 


Ta^b 

- J b-j' 



(A.2) 



[Hij, Hkt] = 'HikQjt — 7~Ljkgu + 7~Ljegik — 'Hugjk 
[Hij, Ckt] = —Cik9ji + £jk9ie + £je9ik ~ £u9jk, 



[HjkiQi] = -2Q[j9k]t [Hjk,Q}] =-2Q*[j9k]£ 

(A3) [Hjk,Se] = -2Syg k ]i [Hjk,Si] =-2S*[j9k]£ 

[Hjk,z-%] = -2E a [jg k]e , 

(A A) [£131 ^ke] = 7~tik9je + 7~tjk9u + 7~tje9ik + 7~tie9jk, 

[Cjk,Qe] =c 2Q*{ 9k)i [£jk,Qi] = -2Q(j9k)e 

(A.5) [£jk,Se] =2S*^g k )e [Cjk,S^] = —2S^g k )i 

[Cjk, = 2 JgZ (jg k )£, 
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as for the odd super-Poisson brackets, they retain the form 



(A6) 



[Qj, Qk] 


= —2Hgjk 






[Qj,Sk] 


= -V 9jk + 7~tjk 




— — J gj k + £j k 


[G;>sg] 


= -V a g jk 








= -2Hg jk 






[Q*,Sk] 


= \J gjk £jk 




= 9jk + Cjk 




= J^ b g jk 








= -2KLgjk 




= -Q a 9jk 




= -2JCg jk 




= J^ b 9 jk 




= -MS ab g jk . 
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